TYPE A DISTRIBUTIONS: 

INFINITELY DIVISIBLE DISTRIBUTIONS 

RELATED TO ARCSINE DENSITY 
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Abstract. Two transformations Ai and A2 of Levy measures on W^ based on the 
("^ . arcsine density are studied and their relation to general Upsilon transformations 

^S| I is considered. The domains of definition of Ai and A2 are determined and it is 

shown that they have the same range. Infinitely divisible distributions on R'' with 
3 ' Levy measures being in the common range are called type A distributions and 

expressed as the law of a stochastic integral /„ cos{2~'^ 'Kt)dXt with respect to Levy 
process {Xt}. This new class includes as a proper subclass the Jurek class of 
distributions. It is shown that generalized type G distributions are the image of 
P^ \ type A distributions under a mapping defined by an appropriate stochastic integral. 

Q^ ■ A2 is identified as an Upsilon transformation, while Ai is shown to be not. 

c^ ■ Keywords: infinitely divisible distribution; arcsine density; Levy measure; type A 

distribution; generalized type G distribution; general Upsilon transformation 
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Let I {Mr) denote the class of all infinitely divisible distributions on M . For 



f^^ . /i G /(M ), we use the Levy-Khintchine representation of its characteristic function 



^{z) given by 



/i(2;)=exp<{ - -(S2,2;)+ 1(7,2;) 



H : + /" f e*<"'^> - 1 - _^l^:f)_^ ^.(da;) 1 , zeW, 

^ - iRd V 1 + |x| / J 

where S is a symmetric nonnegative-definite rf x d matrix, 7 G M^ and i^ is a measure 
on W^ (called the Levy measure) satisfying i^({0}) = and /jgd(l A |x| )u{dx) < 00. 
The triplet (S,i/,7) is called the Levy-Khintchine triplet of /i G I{W^). Let 9}tL(]R'^) 
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denote the class of Levy measures of /i G /(M''). The class of Levy measures v 
on ^ satisfying /]gd(l A |x|)i^(dx) < oo is denoted by 971];^ (M'^). Sometimes we write 
nJt|(M'^) = 9JtL(M°'). A measure v on (0, oo) is also called a Levy measure if it satisfies 
r.Q^.(l A x^)z/(dx) < oo, and denote by OJti((0, oo)) the class of all Levy measures 
on (0, oo). 
Let 

(Li) a[x\ s) = \ 

1 0, otherwise, 

which is the density of the symmetric arcsine law with parameter s > 0. For a Levy 
measure p G OJtL((0, oo)), define 



;i.2) i{x) = / a{x;s)p{ds), x E 



In pj, a distribution such that its Levy measure is either zero or has a density i of 
the form fll.2p is called a type A distribution on M. It is a one-dimensional symmetric 
distribution. Let Z be a standard normal random variable and V a positive infinitely 
divisible random variable independent of Z. The distribution of the one- dimensional 
random variable V^^'^Z is infinitely divisible and is called of type G. It is also shown 
in [l| that an infinitely divisible distribution /I on M is of type G if and only if there 
exists a type A distribution /i on M with the following stochastic integral mapping 
representation 

•"=/ A"\.-„., 



:i.3) (i = £| / (log 7 I dXi 

Here and in what follows, C means "the law of and {X^ } means a Levy process on 
R'^ whose distribution at time 1 is /i G I{R'^). (In (O]), d = 1.) 

In this paper, we study more about type A (not necessarily symmetric) distribu- 
tions on M"'. The organization of this paper is the following. 

Section 2 considers two arcsine transformations Ai and A2 of Levy measures on 
R'^ based on (II. ip and a reparametrization of this density of the arcsine law. It is 
shown that the domains of the transformations Ai and A2 are DJl\{R'^) and OJt|(]R"'), 
respectively, but they are identical modulo some (p)-transformation. We see that 
both transformations are one-to-one and that they have the same range yi{Ak)- It 
is shown that this range contains as a proper subclass the Jurek class U{R'^) of 
distributions on R'^ studied in [6[, J9j. [/(M*^) includes several known classes of multi- 
variate distributions characterized by the radial part of their Levy measures, such as 



the Goldie-Steutel-Bondesson class B{W 
L(M'^) and the Thorin class T(M"'), see 



the class of selfdecoinposable distributions 
2[. Recently, other bigger classes than the 



Jurek class have been discussed in the study of extension of selfdecomposability, see 
and Q. 

Section 3 deals with the class A(]R'^) of type A distributions on Mf^ defined as 
those infinitely divisible distributions on M'^ which Levy measure u belongs to Dl{Ak)- 
Some probabilistic interpretations are considered and the relation to the class (^(M*^) 
of generalized type G distributions on M*^ introduced in |9| is studied. It is shown 
that A(]R'^) = $cos(-^(IR'^)), where $cos is the stochastic integral mapping 



/ cos(2~^ 
Jo 



M 



^cosif^) = CU cos(2-Vt)dX,^^M , fieliR"). 

It is also shown that the class of Levy measure in G'(]R'') is the image of the class 
of Levy measures in i?(]R'^) n 971}^ (M"^) under Ai. In order to prove this, and as a 
result of independent interest, a new arcsine representation of completely monotone 
functions is first obtained. In addition, the class G(M'^) is described as the image of 
A(]R'^) under the stochastic integral mapping f ll.3p . d > 1, including the multivariate 
and non-symmetric cases. For doing this, we first have to prove that A2 is an Upsilon 
transformation in the sense of j^. However, we see that, remarkably, Ai is not an 
Upsilon transformation and it is not commuting with a specific Upsilon transforma- 
tion, which is different form other cases considered so far. Finally, Section 4 contains 
examples of Ai and A2 transformations of Levy measures where the modified Bessel 
function Kq plays an important role. 

2. Two ARCSINE TRANSFORMATIONS Ai AND A2 ON W^ 

2.1. Definitions and domains. Besides the arcsine density f ll.ip . we consider two 
one-sided arcsine densities with different parameters s > and s^ as follows: 

, , i 2n-\s - r^)-'/\ 0<r<si/2, 
ai(r; s) = < 

I 0, otherwise, 

and 

, , [27r-i(s2-r2)-V2^ < r < s, 
a2[r; s) = < 

10, otherwise. 

Then we consider two arcsine transformations Ai and A2 of measures on M'^ based 
on these two one-sided arcsine densities. 



Definition 2.1. Let z/ be a measure on M'^ satisfying i^({0}) = 0. Tlien, for k = 1,2, 
define ttie arcsine transformation Ak of z/ by 

(2.1) Ak{iy){B) = [ z/(dx) /""afc(r; \x\)1b (r^) dr, B G S(M'^). 



Tlie domain T>{Ak) is the class of measures v on W^ sucli tliat ^^({0}) = and 
the right-hand side of (12.11) is a Levy measure in 'OKl{W^). The range is 

^{Ak) = {Ak{v): ve'DiAk)}. 

We have the following result about domains of Ai and A2- 

Theorem 2.2. The domains of Ak are as follows: 

D(A)=aJt^(M^), A; = 1,2. 

Proof. We write c = 27r-^ First, let us show that D(A) C m\{W^). Suppose that 
u e 1){Ak). Write T^k = Ak{i^). Then 

(2.2) Uk{B)= z/(dx) / c{\x\^-r^y^^HB(r^)dr. 
Hence, for all nonnegative measurable functions / on M*^ \ {0}, 

/ fix)uk{dx)= f u{dx) r c(|x|^-r2)-i/2/fr^)dr. 
In particular, 

(2.3) {lA\x\^)uk{dx) = c u{dx) {\x\'' - r^^/^l Ar^)dr. 
Jud Jr^ Jo 

Since /(I A \x\'^)uk{dx) < oo, we see that 

oo>c [ u{dx) /" (1 - u^y^/\l A {\x\V))du 
Jr-^ Jo 

>c [ (1 A \x\''Mdx) / (1 - M2)-VVdM. 

Hence z/ e 971^ (M'^). 

Next let us show that m'[{R'^) C D(AO- Suppose that z/ e 9Jl|(M'^). Let i?fc(5) 
denote the right-hand side of (12. ip . Then z/^ is a measure on M'^ with z^fc({0}) = 
and ([52D and ([23D hold. Hence 

(1 A \x\^)uk{dx) = c [ z/(dx) / (1 - m2)-i/2(i ^ (Ixl V))dM 
i Jm'' Jo 



< c /" (1 A \x\'')u{dx) / (1 - u^y^/^du < oo. 

jRd Jo 

This shows that u G 2)(^fc)- D 

In order to study the relation between Ai and A2, we use the following transfor- 
mation of measures. 

Definition 2.3. Let p > 0. For any measure p on (0, 00), define a measure p^^' on 
(0,00) by 

P^''\E) = [ Uis^pids), E e i3((0, 00)). 
^(0,00) 

More generally, for any measure z^ on M'^ with z^({0}) = 0, define a measure u^^^ on 

M^by 

z/(p)(5) = / 1b ( kl^f^ ) iy{dx), B e i3(M'^). 

jR'i\{o} V fI/ 

We call the mapping from u to u^^^ (p) -transformation. 

he following result is the polar decomposition of a Levy measure in '!Ml{^'^), 
|lO|). Here we include the case z/ = 0. It is a basic tool to study multivariate 



see 



infinitely divisible distributions. 

Proposition 2.4. Let v G 3JIl(M'*). T/ien i/iere exists a measure A on the unit sphere 
§ = {.^ G M'^: I'd = 1} with < A(§) < 00 and a family {u^: ^ eS} of measures on 
(0, 00) such that iy^{E) is measurable in ^ for each E G i3((0, C)o)), < t'g((0, 00)) < 00 
for each .^ G S, and 



u{B) = / A(dO / iBH^Mr), B G B{i 
Jn Jo 



v^ is called the radial component of v. Here A and {z/^} are uniquely determined by v 
in the following sense: if {X, v^) and (A', v'c) both have the properties above, then there 
is a measurable function c{^) on S such that 

< c(0 < 00, 

A'(dO = c(OA(dO, 

c{^)u'^{dr) = iy^{dr) for X-a. e. ^. 

If z/ G DJIl{R'^) has a polar decomposition (A, z^^), then 
Js, Jo 



li u = u^^\ then u = i/^^^p\ For any nonnegative measurable function f(x) on M*^, 
(2.4) / f{x)iy^P\dx) = f fi\x\P-^x)u{dx). 



The two arcsine transformations are identical modulo some (p)-transformations. 
Proposition 2.5. i' G 9Jl|(]R"') if and only if u^'^^ E Tl\{R.^), and in this case 

Also V E Tll(R'^) if and only z/ 1/(^2) ^ Tll(R'^), and in this case 

Proof Equivalence of z/ G Tl1{W^) and z/^^^ G DJlKW^) follows from 

(1 A |x|) z/(2)(da;) = / (1 A \x\^) u{dx) 



obtained from (12.41) . We have 

r /'OO noo 

^i(zy(2))(5) = / A(dO / lBH)dr / 27r~\s - r^'/^ u^^^\ds) 

Js Jo Jr^ 

= /A(dO/ MrOdr 2n-\s' - r'r'/' u^ids) 

Js Jo Jr 

proving the first half. The proof of the second half is similar. D 

2.2. One-to-one property. We next show that the arcsine transformations Ai and 
A2 are one-to-one. In contrast to usual proofs for the one-to-one property by the use 
of Laplace transform, our proof here has a different flavor. 

Let us first prove some lemmas. A measure a on (0, 00) is said to be locally finite 
on (0,00) if cr((6, c)) < 00 whenever < 6 < c < 00. For a measure p on (0, 00), 
define 

2l(p)(dM) = ( [ n-'/\s - uy'/^p{ds)] du, 

if the integral in the right-hand side is the density of a locally finite measure on (0, 00). 
This is fractional integral of order 1/2. 

Lemma 2.6. // 

(2.5) / s-^^^p{ds) < cx) for all b > 0, 

then 2l(p) is definable. 



Proof. Let < 6 < c < oo. We have 

/C /'OO /"OO i*c/\s 

du {s-u)-'^^p{ds)= p{ds) {s-u)-^/^du 

Ju Jb Jb 

/S /"OO PC 

{s-u)~^/^du+ / p{ds) / {s-uy^^Mu 
Jc Jb 

POO 



= 2 J is- by^'pids) + 2 J iis- hyi' -is- cy^')pids), 

which is finite, since (s — b)^^"^ — (s — c)^/^ ~ (c — b)s~^^'^ as s — ?> oo. D 

Lemma 2.7. Suppose that 2l(p) zs definable. Then, for a > — 1 and b > 0, 

(2.6) / n"2l(p)(dn) < Ci / s"+^/V(ds) 
and 

(2.7) /" M"2l(p)(dM)<C2f / s"+i/V(ds)+/ s-^/V(d^ 

where Ci and C2 are constants independent of p. 
Proof. Let c = tt"^/^. We have 



00 



M"2l(p)(dM) = c / M"dM / is- u)-^/^pids) 

'(fejOo) ^fe J {u,oo) 

= c [ p(ds) /" n°(s - uy^^^du 

J{b,oo) Jb 

and 

m"(s - u)-^/^du = s~^'^ /'m"(1 - s~\)-^'^du 



= s"+l/2 / ^a^^ _ ,,)-l/2^^, _ s"+^/25(« + 1, 1/2), 


S — 7- 00. 


ib/s 




Hence (|2.6|) holds. We have 




/" M"2l(p)(dM) = C / M"dM /" (S - uY^'^pids) 




J{0,b] Jo J{u,oo) 




r rsAb 




= c p(ds) / u'^is-uy^/Mu 




J{0,oo) Jo 




r r^ r r^ 




= c / p(ds) / m"(s - u)~^^Mu + c / p(ds) / m"(s 


-u)-'^'du. 


J{0,b] Jo J{b,oo) Jo 




Notice that 





r m"(s - uy^/^du = s^'+^/^Bia + 1, 1/2) 
Jo 



and 

cb j-b 

Jo 

fb 

< s-^'^ / m"(1 - u/h)-^'^du = s-^/^'^+^Bia + 1, 1/2), s > b. 
Jo 

Thus (EZD holds. D 

Lemma 2.8. Suppose that 

(2.8) p((6, oo)) < oo for all b > 0. 
Then 2l(p) and 2l(2l(p)) are definable and 

(2.9) 2l(2l(p))(dM) = p((m, oo)) dw, 

which implies that p is determined by 2t(p) under the condition 112. 8\) . 

Proof. Since (12.81) is stronger than (12. 5p . 2l(p) is definable. Using (12. 6p of Lemma [2l7t 
we see from Lemma [2.61 that 2l(2l(p)) is definable. Next, notice that 



Ju 



/•oo P 

= 7r-W {s-u)-'^''ds iv-s)-^/^p{dv) 

Ju J (s,oo) 

= vr-^ f p{dv) Hs - uy'^^v - sy^/^ds = p{{u, oo)), 

J (u.oo) Ju 

because 

/ {s-u)'^/^{v-s)-'^''ds= f s-^^''{l - s)-^/^ds = B{l/2,l/2) -- 

Ju Jo 

Hence i^Mi is true. D 

For the proof of the next theorem, we introduce new functions for simplicity. For 
any measure p on (0, oo) and for k = 1,2, let 



TT. 



^k{p){r) = / ak{r;s)p{ds), 

J{0,oo) 

admitting the infinite value. 

Theorem 2.9. For k = 1,2, Ak is one-to-one. 

Proof Case k = 1. Suppose that u,u' e TlliR'^) and Ai{u) = Ai{u'). Let (A, z/^) 
and (A', z/^ be polar decompositions of z/ and z/', respectively. Then 



A(^)(5) = / A(dO / lB(rOai(z/5)(r)dr 
Js, Jo 



A,W){B) = / y(dO / lB(rOai(z/^)(r)dr. 
Js Jo 

Hence it follows from Proposition 12 .41 that there is a measurable function c{S,) satisfy- 
ing < c(^) < cx) such that X'idE) = c{^)X{d^) and ai{iy'^){r)dr = c{^)~^ai{iy^){r)dr 
for A-a. e. ^. Thus 



{s - r2)-i/V^(ds) J dr = ( c(0^' / (^ - ^')"'^'i^5(ds) j dr. 
Using a new variable m = r^, we see that 

( r^s - uy'^^u'^ids)] du = [c(0"' His - uy'/\{ds)] du. 

Since u^ and ui satisfy (12. 8p . we obtain u^ = c(^)"^z/c for A-a. e. ^ from Lemma [2.81 
It follows that u = u'. 

Case k = 2. Use Proposition 12.51 Then ^2('^) equals ^1(1^^^-'), which determines 
i/*^^) by Case k = 1, and z/^^^ determines u = (z/'^^))*^^/^\ D 

2.3. Ranges. We will show some facts concerning the ranges of Ai and A2- 

Proposition 2.10. The ranges of Ai and A2 are identical: 

D\{Ai) = D\{A2). 

Proof. This is a direct consequence of Proposition 12.51 D 

Let us show some necessary conditions for u to belong to the range. 

Proposition 2.11. // u is in the common range of Ai and A2, then v is in ^^{W^) 
with a polar decomposition {X, i^{r)dr) having the following properties: i^{r) is mea- 
surable in (^,r) and lower semi- continuous in r & (0,oo), and there is b^ G (0, 00] 
such that i^{r) > for r < b^ and, if b^ < 00, then i^{r) = for r > b^. 



V G 9JtL(]R'^) with polar decomposition (A, afc(t'^)(r)dr) from the definition. Recall 



Proof. Let u = Ak{i^) with u G 0}tf_(]R'^) and (A, u^) a polar decomposition of u. Then 

u G 

that 

ak{i^^){r) = 27r-i 



a,{u^){r) = 2n-' [ {s' - r'r'^\{ds). 

Then our assertion is proved in the same way as Proposition 2.13 of [lj|. D 



2.4. How big is 9^(^fc)? Several well-known and well studied classes of multivari- 
ate infinitely divisible distributions are the following. The Jurek class, the class of 
selfdecomposable distributions, the Goldie-Steutel-Bondesson class, the Thorin class 
and the class of generalized type G distributions. They are characterized only by the 
radial component of their Levy measures with no influence of S and 7 in the Levy- 
Khintchine triplet. Among them, the Jurek class is the biggest. Recently, bigger than 
the Jurek class have been discussed in the study of extension of selfdecomposability, 
(see, e.g. |7| and [m]). Then a natural question is how big ')K{Ak) is. Let 9Jt^(]R'^) be 
the class of Levy measures of distributions in the Jurek class. The radial component 
v^ oi V E 9Jt^(M'^) satisfies that v^{d,r) = i^{r)dr,r > 0, where i^{r) is measurable in 
{^,r) and decreasing and right-continuous in r > 0. We will show below that yi{Ak) 
is at least strictly bigger than 3Jl^(M'^). 

Theorem 2.12. We have 

Proof. Let u G 9Jt^(]R'^). Equivalently, let u G 971/, (M'^) with a polar decomposition 
(A, i^{r)dr) such that i^{r) is measurable in [C,, r) and decreasing and right- continuous 
in r > 0. Further, we may and do assume that A is a probability measure and 



(1 Ar^)£^(r)dr = c:= / {I A\x\^)u{dx). 
Jr'' 

Let p^ be a measure on (0, 00) such that p^((r^, 00)) = i^{r) for r > and let 

r]^ = 2l(p5). Lemma 123] says that 77^ is definable and 

p^{{u, 00)) = / 7r"^'^(s — n)"^'^?7g(ds) for Lebesgue a. e. u > 0. 

J (u,oo) 

Note that ti^{E) is measurable in ^ for each E G 'B((0, C)o)). We have, for B G B{W^), 
V{B)= / A(dO / lBK)P5((r^oo))dr 

JS JO 

= / A(dO / lB(rOdr / 7r-^'\s - r^)-^/\{ds) 

Js Jo J(r2,oo) 



00 



A(dO / lB(rO(vr^/V2)ai(r/5)(r)dr. 



We claim that 



"OO 

(2.10) / A(dO / {lAu)r]^{du) < 00. 



10 



This will ensure that (A, (7r^/^/2)?7^(dr)) is a polar decomposition of some v E Wl\ 
and that v = Ai{v). First, notice that 

c= / (1 Ar2)p5((r^oo))dr = - / {I ^u)pl.{{u,oo))u~^/'^(lu 
Jo 2 Jq 

n^/^p^((n, oo))dn+ - / u~^^'^p^{{u, oo))di 



L\ 



pd\ 



lu 



2 Jo 2 ji 

1 1 /"°° 

> 3P«((1. °°)) + 2 / "'^^^/'sll^' oo))dM. 

Then, use (12. 6p of Lemma [2.71 with a = to obtain 

/ vddu) = [ 2l(p5)(d«) <C, [ s'/'p^ids) 

^(l,oo) -'(l,oo) -'(l,oo) 

/^ /'OO 

= C7ipg((l, oo)) + ^l s-'/^p^{{s, oo))ds < 3cCi. 

Similarly, using fl2.7p of Lemma [2.71 with a = 1, 

/ n?7^(dn) = / uQi{p^){du) 
J{0,1] J{o,i] 

<cJf s'^'p,{ds)+ f s~'^'p,{ds)) 

< C2 (I f s^''p^{{s, l])ds + / s^/'p^ids)] < QcC^. 

V^ Jo J(l,oo) / 

Hence ^M) is true. It follows that 971^ (M'^) C 9^(^i). 

To see the inclusion is strict, let 5i be Dirac measure at 1 and A a probabihty 
measure on §. Consider 77 G 9^(v4i) defined by 

r/(S)= I \{di) r lBH)ai{S,){r)dr 
Jn Jo 

= [ X{dO I IbH)'^ti-\1 - r^^/^dr. 
Js Jo 

Then rj ^ 9}t^(]R'^), since the radial component has density strictly increasing on 
(0,1). D 

2.5. Ai and A2 as (modified) Upsilon transformations. B arndorff- Nielsen, Rosihski 
and Thorbj0rnsen J] considered general Upsilon transformations, (see also |3| and 
|l3l|). Given a measure r on (0, 00), a transformation T^ from measures on W^ into 
nJlL(M'^) is called an Upsilon transformation associated to r (or with dilation measure 



11 



t) when 



POO 

(2.11) '^Aiy)iB) = / u{u'^B)T{du), B e i3(M'^). 

Jo 

The domain of T,- is the class of a-finite measures v such that the right-hand side of 
(1211]) is a measure in 9Jt|(M'^). 

We now see that A2 is an Upsilon transformation and that Ai is an Upsilon 
transformation combined with (l/2)-transformation. 

Theorem 2.13. Let k = 1,2. Then for v G DJtKM'^) 

(2.12) Ak{y){B)= \ v'^''l'^\u'B)2Tx-^{\-v')-^l''du, B e B{R''). 

Jo 

Proof. Let (A, u^) be a polar decomposition of i^ G 9Jt^(]R'^). Then with c = 27r~^ 
Ak{u){B) = c f \m riBirOdr [ {s' - rY'^'iy^{ds) 

Js Jo >/(r2/fe,oo) 

A(dO / ^^^(ds) / lB(rO(s'-r2)"'/Mr 
JO io 

= c / A(dO / //^(ds) / lB{us^'^i){l - u'y^'^du 
is Jo Jo 

= c / (1 -m2)^i/Mm / A(dO / lB{us^^^0^d^s) 
Jo Js Jo 

l*\ I* 1*00 

= c / {l-u'Y^/^du / A(dO / lB{usi)v^^''l^\ds) 
Jo Js Jo 

= C f {l-U^)-'^Mu f lB{ux)u^''^^\dx), 

Jo Jr'^ 

which shows (El^ . D 

Corollary 2.14. The transformation A2 is an Upsilon transformation with dila- 
tion measure r(dn) = ai(u;l)dn. In other words, the expression v = ^2(^) for 
V G OJt|(]R^) IS written as v[B) = E[i^{A~'^B)] , B G -B(]R"'), where A is a ran- 
dom variable with arcsine density ai{u; 1). 

Remark 2.15. The mapping Ai is not an Upsilon transformation for any dilation 
measure r. This remarkable result will be proved in Section 3.6, as a byproduct of 
Theorem 13.71 shown in Section 3.5. 
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3. Type A distributions on W'- 

3.1. Definition and stochastic integral representation via arcsine transfor- 
mations. 

Definition 3.1. A probability distribution in /(M'^) is said to be a type A distribution 
on M'' if its Levy measure u belongs to 9^(^i) = 9^(^2)- There is no restriction on 
S and 7 in its Levy-Khintchine triplet. We denote by yl(]R'') the class of all type A 
distributions on M''. 

In the following, we study a probabilistic interpretation of type A distributions, 
since they have been defined by an analytic way in terms of their Levy measures 
above. One probabilistic interpretation is a representation by stochastic integral with 
respect to Levy processes. The problem is what the integrand is. We start with this 
section to answer this question. 

Let T G (0, oo) and let f{t) be a square integrable function on [0,T]. Then the 
stochastic integral L f{t)dX^ is defined for any yU E /(M'') and is infinitely divisible. 
Define the stochastic integral mapping $j based on / as 



$y(/x) = £^ imx^'^y /ie/( 



If yU G /(M'^) has the Levy-Khintchine triplet (S, u,'-/), then /i = $/(/i) has the Levy- 
Khintchine triplet (S,z/, 7) expressed as 

(3.1) s= / fityj^dt, 

Jo 

(3.2) u{B)= [ dt [ lB{f{t)x)u{dx), BeBiR"), 

Jo Jr-^ 

(3-3) 1 = 1 /(^)d^(7 + £^(^^7IO^-^A:n^)Kdx; 



(See Proposition 2.17 and Corollary 2.19 of [ll| and Proposition 2.6 of 121].) 



m)x|2 1 + \x\ 



Let us characterize the class A(]R'^) as the range of a stochastic integral mapping. 

Theorem 3.2. Let 

(3.4) $,o,(/i) = Cn cos(2-Vt)dX(^)') , /i G /(M'^). 
Then $cos is a one-to-one mapping and 

(3.5) A{R'') = <l'eos(/(M")). 
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Proof. First let us show that AiR"^) C ^cosiH'^'^))- Let Jl € A(R'^) with the Levy- 
Khintchine triplet (S,z/, 7). Then u G fH(^2) and hence, by Corollary 12.141 

Jo 
with some u G Tl1{R^). Let s = g{u) = J^ 27r~^(l — v'^)~^/'^dv = 27r~^ arccos(u) for 
< n < 1. Then u = cos(2-%t) for < t < 1. Thus 



•1 r rl 



u{B) = - / dg{u) / lB(Mx)z/(dx) = / dt / lB(a:cos(2~Vt))z/(dx). 
Jo Jr'^ Jo Jr'' 

That is, (13. 2 p is satisfied with T = 1 and /(t) = cos(2~^7rt). Using z/, we can find 
E and 7 satisfying (13.1 p and (13.30 . Let /i be the distribution in /(M'^) with the 
Levy-Khintchine triplet (S,z/,7). Then Jl = $cos(Ai). Hence A{R'^) C <l>cos(/(M'^))- 

Conversely, suppose that Jl G $cos(-^(I^'^))- Then Jl = $cos(/u) for some /i G /(M"'). 
The Levy-Khintchine triplets (S, z/, 7) and (S, i^, 7) of /I and fi are related by (13. ip — 
(13. 3p with T = 1 and f{s) = cos(2~^7rs). Then a similar calculus shows that ( 13. ip 
holds. Hence z> G 9i(A) and /I G A(M"'), showing that <l>cos(/(M^)) C yl(M^). 

The mapping $cos is one-to-one, since u is determined by u (Theorem 12.91 with 
k = 2) and E and 7 are determined by S, 7, and u. D 

3.2. T'^-transformation. For later use, we introduce a transformation T*^. Define 
T°(z/)(5) = / i^(n^ifi)e~Mu, B G i3(M'^). 

Let 3Jtf (M'^) be the class of Levy measures of the Goldie-Steutel-Bondesson class 
B{R'^). In y, it is shown that T°(OJIl(M'^)) = 9}tf (M"^). This is the transformation 
of Levy measures associated with the stochastic integral mapping T from /(M*^) into 
/(M°') and it is known that T(/(M"')) = 5(M"') (see Q). Both T° and T are one-to-one. 
For u G 9JtL(]R'^) with a polar decomposition (A, u^), we have the expression 

(3.6) T°(z.)(S) = / A(dO / lBH)r\u^){dr), B e B{R'), 

Js Jo 

where T*^ in the right-hand side acts on S!Jt|((0, 00)). 

Proposition 3.3. Let v G QJIlIM'^)- Then T°(i/) G 9Jti(M'^) ij and only if u e 
mi{R'^). 

Proof. Notice that 



|x|T (i/)(dx) = / e "dw / |Mx|z/(dx) 

|a;|<l Jo J\ux\<l 
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roo f- r i-l/\x\ 

/ ue~^du / |x|i^(dx) = / |x|i/(dx) / ue~^(iu 

Jo Ax\<'^/'^ J^"^ Jo 

^ I\x\<i |2;|i^(dx) J^ ue-Mu + Jj^.|^^ 2-^\x\-^iy{dx), 
to see the equivalence. D 



3.3. A representation of completely monotone functions. In [9[, the class of 
generalized type G distributions on M'^, denoted by G'(]R'^), is defined as follows, 
/i G G(]R'^) if and only if the radial component u^ of the Levy measure of /i satisfies 
u^ldr) = g^{r'^)dr, where g^{u) is a completely monotone function on (0, oo). DJI'KM.'^) 
denotes the class of all Levy measures of /i G G(]R'^). We use the following result when 
dealing with (^(M''). It is a result on the arcsine transformation representation of a 
function 5'(r^) when g is completely monotone on (0, oo). 

Proposition 3.4. Let g{u) he a real-valued measurable function on (0, oo). Then the 
following three conditions are equivalent. 

(a) The function g{u) is completely monotone on (0, oo) and satisfies 

POO 

(3.7) / {lAr^)g{r^)dr<oo. 

Jo 

(b) There exists a completely monotone function h{s) on (0, oo) satisfying 

POO 

(3.8) / (1 A s)/i(s)ds < oo 

Jo 

such that 

POO 

g{r^) = / ai{r; s)h{s)ds, r > 0. 
Jo 

(c) There exists a measure p on (0, oo) satisfying 

POO 

/ (1 A s)p(ds) < oo 
Jo 

such that 

(3.9) ^(r^) = ai(TO(p))(r), r > 0. 

Proof, (a) =^ (b): From Bernstein's theorem, there exists a measure Q on [0, oo) such 
that 

(3.10) g{u) = f e-^'^'Qidv), u > 0. 

JlO.oo) 
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It follows from (13. 7p that Q{{0}) = 0, since Q{{0}) = lim„_^oofl'(w). We need the fact 
that the one- dimensional Gaussian density ip{x;t) of mean and variance t is the 
arcsine transform of the exponential distribution with mean t > 0. More precisely, 

POO 

(3.11) ^{x; t) = (27rt)-'/'e-"'/(2*) = r' / e-'/'a{x; s)ds, t > 0, x G M. 

Jo 

This is the well-known Box-Muller method to generate normal random variables. 
Using fl3.1ip . we have 

J{0,oo) 



P /"OO 

/ v'/^Q{dv) / e-2-27r-^/2(2,_^2)-i/2^^ 

i(0,oo) Jr^/2 

POO 

v'/^Q{dv) / e-'^TT^'/^s-rY'/^ds. 

(0,oo) Jr^ 

OO P 

•2 J{0,00) 

OO 

ai(r; s)h{s)ds, 





where 



(3.12) /i(s) = 2-^^/2/ e-^-v^^Q^dv). 

J{0,oo) 

Applying Theorem 12.21 for c? = 1 , we see (13. 8p from (13. 7p . 

(b) =^ (c): Since h{s) is completely monotone satisfying (13.81) . there is p G Tl\{R) 
such that h{s)ds = T°(p) (see Theorem A of |2]). Since T°(p) is concentrated on 
(0, oo), p is concentrated on (0, oo). Using Proposition 13. 3^ we see that f,^ ^, s p{ds) < 

OO. 

(c) =^ (a): It follows from Proposition 13.31 that Tq ^, s T°(p)(ds) < oo. Hence 
it follows from (13. 9 p that g{r^) satisfies (13. 7p (use Theorem 12.21 for d = 1). Finally 
let us prove that g{u) is completely monotone. There is a completely monotone 
function h{s) such that T''(p)(ds) = h{s)ds (see Theorem A of J2|] again). Hence 
from Bernstein's theorem we can find a measure R on [0, oo) such that 



h{s) = f e-'^R{dv), s > 0. 

ifO.oo) 



'[0,oo) 

We have i?({0}) = since J^ h{s)ds < oo. Thus 

„2\ 



POO POO P 

g[r-)= ai{r; s)h{s)ds = 2tx~^{s - r^Y^'^ds Q-'^Ridv) 

Jo Jr^ J{0,oo) 
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/ R{dv) / 27r-^(s-r2)-i/V^Ms 

J(0,oo) 



'(0,00) 

where the last equahty is from the same calculus as in the proof that (a) =^ (b). Now 
we see that g{u) is completely monotone. D 

3.4. A representation of G(]R'^) in terms of ^1. We now give an alternative 
representation for Levy measures of distributions in G(M'^). 

Theorem 3.5. Let Jl he an infinitely divisible distribution on W^ with the Levy- 
Khintchine triplet (S,z/, 7). Then the following three conditions are equivalent. 

(a) /IgG(M^). 

(b) V = Ai{u) with some v G OJtf (M^) n m\{^'^). 

(c) V = ^i(T°(p)) with some p G 93ti(M'^). 

In condition (b) or (a), the representation ofubyuorp is unique. 

Proof, (a) =^ (b): By definition of G'(]R'^), the Levy measure u oi Jl has polar decom- 
position {X,g^{r^)dr) where g^{u) is measurable in {^,u) and completely monotone 
in M > 0. Hence, by Proposition 13.41 for each ^ we can find a completely monotone 
function i^{s) such that /q°°(1 A s)i^{s)ds < 00 and 

9£.{r'^) = / ai(r;s)£g(s)ds, r > 0. 

The measure Q^ in the representation (13.101) of g^{u) has the property that Q^{E) is 
measurable in ^ for every Borel set E in [0, 00) (see Remark 3.2 of [2|]). Hence, for any 
nonnegative function f{s,v) measurable in {s,v), f,Qsf{s,v)Q^{dv) is measurable 
in (^, s). Hence the function h^{s) defined as in (I3.12p is measurable in {^,s). Thus 
we have 

/• /"OO /"OO 

v{B)= \{di) MrOdr aiir; s)h^{s)ds. 

Js, Jo Jo 

Now, an argument similar to the proof of Theorem 12.21 shows that 



A(dO / (1 A s)h^{s)ds < 00. 
Jo 



Thus, letting u denote the Levy measure with polar decomposition (A, h^{s)ds), we 
see that u = Ai{u) and u G mf{R'^) n ml{R'^). 
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(b) =^ (c): It follows from u G 9Jlf (M'^) that u = T°(p) for some unique p G 
aJl|(M'^) (Theorem A of [2]). Since u G 9Jli(M'^), we have p G 971^ (M"^) from Proposi- 
tion [3]3l 

(c) => (a): It follows from p G TlliR'^) that TO(p) G 9Jli(M'^) (Proposition ESD- 
Let (A, i^g) be polar decomposition of i^ = T°(p). Then t'^(ds) = £^(s)ds where i^{s) 
is measurable in (^, s) and completely monotone in s > 0. Define g^{u) by 



5,^(r2) = / ai{r;s)i^{s)ds. 
Jo 

Then 5'^(m) is measurable in (^,m). It follows from Proposition 13.41 that g^{u) is 

completely monotone in n > 0. Hence u G 9Jl^(M'^) and p G G(M'^). D 

3.5. (^(M*^) as image of y4(]R'') under a stochastic integral mapping. Following 
(8|, we define the transformation To^^(z/) for a < 2 and < (3 < 2. For a measure z/ 
on M'^ with z^({0}) = define 

POO 

Jo 
whenever the right-hand side gives a measure in 971/, (M'^). This definition is different 
from that of 



in the constant factor /3. A special case with /3 = 1 coincides with 
the transformation of Levy measures in the stochastic integral mapping ^^ studied 



by Sato 12|]. Of particular interest in this work is the mapping T_2,2- Notice that 



T_i,i = T". 

Proposition 3.6. T„2,2(i^) ^s definable if and only if v & 9JIl(]R'^). The mapping 
T_2,2 is one-to-one. 

Proof. Let V{B) = J^ iy{s-^B)2se-'^ds. Then 

f ~ f°° ^ 2 f 

/ /(x)z/(dx) = / 2se "^ ds / f{sx)u{dx) 

for all nonnegative measurable functions /. Hence 

^1 A \x\'^)u{dx) = / 2se"'*'ds / (1 A \sx\'^)iy{dx) 
Jo Jr'' 

= / 2se~''ds ( / |sx|V(dx) + / i^(dx) ) 

Jo \J\x\<l/s J\x\>l/s J 

= / \x\^u{dx) / 2sV^ds+ / i^{dx) / 2se-^ ds. 

■/R'* Jo Jr'' J'i-/\x\ 
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Observe that J 2s^e ^ ds is convergent as \x\ J, and ~ 2 ^\x\ ^ as \x\ — )■ oo 
and r,°^ I 2se~* ds is ~ e~^/'^' as \x\ i and convergent as |a;| — ?■ oo. Then we see 
that /]jjd(l A |xp)z/(dx) is finite if and only if J^d{^ A |xp)z/(dx) is finite. To prove 
;hat T_2.2 is one-to-one, make a similar argument to the proof of Proposition 4.1 of 

3- □ 

The following result is needed in showing the characterization of G(]R'^) in terms 
of type A distributions. However, it also shows that Ai and T*^ are not commutative, 
while A2 and T" are commutative, both being Upsilon transformations with domain 
equal to aJtL(M^). 

Theorem 3.7. It holds that 

T-2,2(A(p)) = A(T°(p)) for p G mliR'^). 

Proof. Suppose that p G Tl\(M.'^) with polar decomposition (A,p^). Let u = Ai{p) 
and z/ = T__2,2('^)- Then u has polar decomposition (A, u^) with i^^{ds) = ai{p^){s)ds. 
From Theorem 2.6 (ii) in [8(], z/ has polar decomposition (A,i/^) given by 

(3.13) z/^(dr) = rg^{r'^)dr 
with 

(3.14) g^{r') = 2 / s-\-^'/^\^{ds). 

Jo 

Using (Km and (KWl we have 

POO 

rg^{r^) = 2r e-''/'\s~^aiip^)is)ds 
Jo 

e^H^^/hi{pi:){t-^/^r)dt 





00 



/•oo /"OO 

/ e-H-^/^dt aiit~^/\s)p^{ds) 
Jo Jo 

noc 1*00 

/ e"*dt / ai(r;ts)p5(ds) 
Jo Jo 



'0 

/•oo 

/ ai(r;M)T°(p^)(dM 
^0 



smce 



/•oo /"OO /'OO 

/ f{u)T\p^){du) = / e-Mt / f{ts)p^{ds) 
Jo Jo Jo 

for every nonnegative measurable function /. It follows that 

r /"OO 

v{B)= \{dO lB(rOai(T°(p5))(dr), BeBiW). 
Js Jo 
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Using OMD, we see that v = A(T°(p)). D 

The following result shows that G'(]R'^) is the class of distributions of stochastic 
integrals with respect Levy processes with type A distribution at time 1. This is a 
multivariate and not necessarily symmetric generalization of (11. 3p . 

Theorem 3.8. Let 

^.,M = c{ I (log^) dxr\, /iG/(i 




Then \E'_2,2 is one-to-one and 

(3.15) G{R'') = VI/_2,2(A(M'^)) = M/_2,2($cos(/(M'^))), 

where $cos is defined by (13. 4p . In other words, for any Jl G G(]R'') there exists a Levy 
process < X^ '■ t > 0> with type A distribution /i at time 1 such that 

(3.16) Jl = C y\\ogt~'f' dX^^^y 

Proof. Let g{t) = J^ 2ue~^ du = e~* . Then the inverse function of g is f{t) = 
(logt^^) which is square-integrable on (0, 1). Thus, ^E'-2,2(/^) is definable for all fx. 
Suppose that Jl G (j'(]R'^) with triplet (S,!?, 7). Then it follows from Theorems 13.51 
and 13.71 that 

for some p G Tl\{R'^). Let u = Ai{p). Since z/ = T_2,2('^), we have (13.21) for the 
function f{s) = (logs~^) and T = 1. Choose S and 7 satisfying (13.11) and (13 ■3p . 
Let p G I{M.'^) having triplet (S, z/, 7). Then fi G y4(]R^) and p = \E'„2.2(/Lt). Conversely, 
we can see that if fi e A(R'^), then ^-2,2 (yu) e G{R'^). Thus the first equality in (IXT^ 
is proved. The second equality follows from (13. 5p of Theorem 13.21 The one-to-one 



property of \&_2,2 follows from that of T_2.2 in Proposition 13.61 D 



Remark 3.9. (a) The two representations of /I G G(]R'^) in Theorems 13.51 and 13.81 
are related in the following way. Theorem 13.81 shows that Jl G G(]R'^) if and only 
if /i = T_2.2(*^cos(/^)) for some /i G I(W^). This /i has Levy measure p*^^/^^ if p is 
the Levy measure in the representation of Jl in Theorem 13.51 (c). For the proof, use 
Proposition 12.51 Theorems 13.21 and 13.71 

(b) We have another representation of the class G(M'^). We introduce the mapping 
Q as follows. Let h(t) = f^ g~^ du,t > 0, and denote its inverse function by h*{s). 
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For /i G I(W^), we define 






It is known that G'(]R'^) = Q (/(M'^)), see Theorem 2.4 (5) in |9|. This suggests us 
that Q is decomposed into 

(3.17) ^ =^-2.2 O $cos = $cos O ^-2.2 

with the same domain I{W^), where o means composition of mappings. This is verified 
as follows. By Corollary 12. 14^ A2 is an Upsilon transformation and A2 corresponds 
to $cos (see f l3.5p ). Also, T„2.2 corresponds to the Upsilon transformation with the 
dilation measure r(dx) = x^e~^ dx. By Proposition 4.1 in j^, we have the second 
equality in f l3.17p . 



3.6. Ai is not an Upsilon transformation. By Theorem 13. 7[ we obtain the fol- 
lowing remarkable result. 

Theorem 3.10. The transformation Ai is not an Upsilon transformation T^ for any 
dilation measure r. 

Proof. Suppose that there is a measure r on (0, 00) such that 

POO 

Aiip){B) = / p{u'^B)r{du) for B E ml{R'^). 
Jo 

Then, we can show that 

A(T°(p)) = TO(A(p)) iorpeTlliR''). 
Indeed, for any nonnegative measurable function / 

/(x)A(p)(dx) = / ridu) / f{ux)p{dx), 

Jo Jwi 

poo 
-0/ 



and 



f{y)T'ip){dy) = I e-^dv / f{vy)pidy), 



AiiT\p))iB)= ridu) e-^dv I lBiuvx)pidx) = T\Aiip))iB). 
Jo Jo 



Then, it follows from Theorem 13.71 that 

T_2,2(A(p)) = T°(^i(p)) for p G mli 
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Let p = Ai{p). If /jgd |a^| p(dx) < oo, then 

xT°(p)(dx) = / e~"dM / uxp{dx) = / xp{d. 
Jo Jb.''- Jr'' 



and 



2^^-2,2 (p)(dx) = / 2ue '^ du uxp{dx) 

Jo Jr'I 

/•OO /* /• 

= / 2u2e^"'dn / xp(dx) = 2^^^/^ / ^.^(dx). 

Hence T-2,2{p) ¥" '^°(p) whenever J^^xpi^dx) 7^ (for example, choose p = 6ej^,ei = 
(1, 0, ..., 0)). This is a contradiction. Hence the measure r does not exist. D 

4. Examples 



We conclude this paper with examples for Theorems 13.51 and 13. 7[ where the mod- 
ified Bessel function Kq plays an important role in the Levy measure of infinitely 
divisible distributions. We only consider the one-dimensional case of Levy measures 
concentrated on (0,oo). Multivariate extensions are possible by using polar decom- 
position. 

By the well-known formula for the modified Bessel functions we have 

Ko{x) = - e-*^"'/(^*)rMt, X > 0. 
2 Jo 

An alternative expression is 

/oo 
(t2 _ l)-l/2g-xt^^^ ^ > g^ 

see (3.387.3) in [a, p. 350]. It follows that Kq{x) is completely monotone on (0, 00) 
and that J^ KQ{x)dx = 7r/2. 

The Laplace transform of Kq in a; > is 

r(l - s2)"^/^arccos(s), 0<s<l 

(4.2) ^K,{s) := I e-'''Ko{x)dx =ll, s = l 

"^° [(l-s2)-l/2log(s+(s2- 1)1/2)^ 5>1^ 

see (6.6n.9) in Q, p.695]. 



The following is an example of v and z/ in Theorem 13.51 (b). 
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Example 4.1. Let 

iy{dx) = KQ{x)l(o^oo){x)dx 
and 

(4.3) u{dx) = 4^^'iTX~^/^e-^'^h(^o^^^{x)dx. 

Then i^ e 9Jlf (M) n 9?ti(M), and u = Ai{u) e 9Hf (M). 

The proof is as follows. Since the function x~^'^e~^' is completely monotone 
on (0,oo) and J^ xiy{dx) < oo, we have u E 9?tf(M) n9Jli(M). Theorem ESI with 
k = l, gives that for B e B{R) 



Jo 



1 ^oo 

2n~\l-u^y'^''du / lu-iBis^^''Mds) 
Jo 

1 ^oo 

2-1(1 _ u'r'/^du / lB(MsV2)s-i/2e-^/^ds 
Jo 

1 POO 

(1 - u'^y'^^du / lB(r)e-"/Mr 
io 

oo ^oo 

lB{r)dr {y^ - ly'/^e-'My 
Ji 

oo 

lB{r)Ko{r)dr = u{B). 



The fact that T^ E 9Jt^(]R) can also be shown directly, since Kq{x^^'^) is again com- 
pletely monotone in x G (0, oo). 

It follows from u G 971^ (M) that u is the Levy measure of some generalized type 
G distribution Jl on M. Using (14. 2p . we find that this Jl is supported on [0, oo) if and 
only if it has Laplace transform 

/ e-'^'Jlidx) = exp {-70S + (fKois) - 2"V} 
^[0,00) 

for some 70 > 0. 

Remark 4.2. A\(v) in Example 14.11 actually belongs to a smaller class OJtf (M). 
Therefore, in connection to Theorem 13. 5^ it might be interesting to find a necessary 
and sufficient condition on v for that /I G i?(]R°'). The v in Example 14.11 also belongs 
to a smaller class than 9Jtf (M) fl 931];^ (M). It belongs to the class of Levy measures of 
distributions in lH(\E'_i/2) studied in Theorem 4.2 of |l2| . 



23 



We now give an example of p in Theorem 13.51 (c). 

Example 4.3. Consider the following Levy measure in 9Jtf (M): 

(4.4) p(dx) = 4-V^/2a;-^/'e-"/^l(o,oo)(a;)da;. 
Then v in fl4.3p satisfies v = T°(p). 

To prove this, we compute the Upsilon transformation T" of p as follows: 

T°(p)(da;) = / p(n^Ma;)e~"du 
Jo 

= 4-'n'/'x~'/' ( r n-i/2e-"-^/(^")dn] dx. 
By formula (3.475.15) in [5|, pp 369], we have 

Hence, T°(p)(dx) = 4~^7rx~^/^e~^ dx and from (14.31) we have u = T°(p). 

Since Ai{h') = Ai{T^{p)) = T„2,2(-4i(p)) by Theorem 13. 7^ ^i(p) is also of inter- 
est. 

Example 4.4. Let p be as in (14. 4p . Then 

(4.5) A^{p)idx) = 2-'7r-'/'e-^'/'Ko{xy8)l^o,oo)ix)dx. 

The proof is as follows. We have 

A,{p){B)= [ p^^^^\u^^B)27i-\l - uY'^Mu 
Jo 

= / 2n-\l-i,'r'/'du K^.B{s'/')p{ds) 

Jo Jo 

= 2-i7r-i/2 / (1 - u^)-^/^du / ViB(si/2)s-i/2e-/Ms 
Jo Jo 

POO fl 

Jo Jo 

/•OO /"OO 

= 2-V-i/M lB(r)dr / y~'/^{y-ir'/^e-'"y/'dy. 
Jo Ji 

Use (3.383.3) in p, pp 347] to obtain 

/OO 

Thus we obtain (14. 5p . 
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Remark 4.5. The p in (jO]) also belongs to 93tf (M) n93ti(M). Therefore ^i(p) itself 
is another example of the Levy measure of a generalized type G distribution on M. 
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